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Abstract: The IMO performs once a year, and has become an important activity in the field of mathematics. Because the
problems in IMO are very difficult, and in general needs two days to finish the test of only six problems, therefore, it is significant
to study how to solve and solve those IMO problems with various methods. With respect to question (a) of the problem of
discussing, at first, using the so-called “exhaustive method” and the mathematical induction, the paper gets the conclusion of that
if n is the integral multiple of 3, subtracting 1 from the nth power of 2 must be divisible by 7. Furthermore, it also proves by use
of the disprove method that if n is not the integral multiple of 3, subtracting 1 from the nth power of 2 is impossible to be divisible
by 7. The way of solving question (b) is similar to that of solving (a), in order to use the result of question (a) for the third step of
the mathematical induction, the paper firstly consider the third power of that 1 added to (k+1)th power of 2 and applying the
disprove method proves that it and hence that 1 added to the (k+1)th power of 2 are not divisible by 7, namely the question (b) is
true.
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1. Introduction
The international mathematical Olympiads (IMO) has
performed 57 sessions from 1959 to 2016 years, it attracts the
interesting of many people who know the elementary
mathematics, especially those pupils in high schools, and it is
an important topic in the fields of mathematics [1-12]. Later,
The IMO orderly and continuously performed once every year,
the 60th IMO performed in the recent of 2019, the Chinese
team won the championship. In general, the problems of IMO
are very difficult to solve, some famous mathematical
theorems and conjectures occur in the problems, for example,
the famous Fermat theorem. Only very few top pupils in
elementary mathematics can attend the contest. Therefore,
studying the technique and different methods of solving the
problems of IMO is a very valuable work. Solving
mathematical problems with different methods has become
one of the important contents of a lot of periodicals in the
mathematics.
Nowadays, all of the problems of IMO can be found from
the computer internetwork and some books about IMO. The
problem of present studying selected from the book on IMO
from 1959 to 2009 published by the famous Springer

publisher [13]. The 6th IMO performed in previous Soviet
Union, the first problem of the contest was supported by the
Czechoslovakia, including (a), (b) two questions. It is a
problem of the number theory about the divisibility [14]. Up
till now, the solution can be only given by use of the remainder
theorem [15]. However, pupils in high schools even some
students in universities who don’t specialize in the
mathematics did not know the number theory, and not easy to
understand the solution. The present work intends to offer a
different method of solving this problem merely by use of the
mathematical induction and the theory of elementary
algebraic equation.

2. Solution
The first problem of the 6th IMO is given by the following
two questions [13]:
a) Find all positive integers n for which 2 n − 1 is divisible
by 7.
b) Prove that there is no positive integer n such that 2 n + 1
is divisible by 7.
Solution (a): If 2n − 1 is divisible by 7, supposing p is a
positive integer, thus
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2n = 7 p + 1

(1)

In terms of “the exhaustive method”, when n=1, 2, p<1;
when n=3, p=1, when n=4, or 5, p can not be an integer; when
n=6, p=9, when n=7 or 8, p is not an integer; when n=9, p=73,
when n=10, or 11, p is not an integer; when n=12, p=585,…….
It can be found that when n is the integral multiple of 3,
2 n − 1 is divisible by 7. Thus, whether all of n=3k (k=1, 2,
3……) can make 2 n − 1 be divisible by 7? According to the
mathematical induction,
When k=1, 23 − 1 = 7 , divisible by 7,
Supposing when k=m (m is any positive integer), it is also
divisible by 7, thus when k=m+1,
23k − 1 = 23(m +1) − 1 = 23 × 23m − 1 = 7 × 23m + (23m − 1)

(23m − 1) is divisible by 7, therefore, when n is the integral
multiple of 3, any of 2 n − 1 is divisible by 7.
However, there are infinite big numbers which have not
been verified by eq. (1), it is necessary to discuss whether
there
is a big prime that can not be verified by “the exhaustive
method” to make 2 n − 1 be divisible by 7? Supposing N is
an arbitrary number of impossibly verifying by “the
exhaustive method”, it may be a composite number or a
prime, but it is not the integral multiple of 3, considering

(2

N

3
3N
2N
2
N
− 1) = 2
− 3× 2
×1 + 3 × 2 ×1 − 1 =

3N

− 1) − 3 × ( 2

N

2

− 1) − 3 × ( 2

N

(4)

where u is a positive integer, hence
3 × (2 N − 1) 2 + 3 × (2 N − 1) + 7u = 0

(5)

regarding (2 N − 1) as a variable to solve the algebraic
equation, the significant solution of eq. (5) requires
(6)

it results in

3
<1
28

( 2 k +1 + 1) 3 = 2 3( k +1) + 3 × 2 2 ( k +1) + 3 × 2 ( k +1) +
1 = 8 × 2 3k + 12 × 2 2 k + 6 × 2 k + 1 = [7 × 2 3k +
( 2 3 k − 1) + 14 × 2 2k + 7 × 2 k ] − 2 × (2 k + 1) 2 +

(8)

3 × ( 2 k + 1) + 1
Obviously, the part
[7 × 23k + (23k − 1) + 14 × 22k + 7 × 2k ]
in eq. (8) is divisible by 7, using the disprove method to
discuss the other part of eq. (8), assuming the other part is
divisible by 7, thus

−2 × (2k + 1)2 + 3 × (2k + 1) + 1 = 7q

(7)

this directly contradicts the assumption, therefore, either of
(2 N − 1)3 and (2 N − 1) is not divisible by 7.

(9)

where q is a positive integer, namely,

2 × (2k + 1)2 − 3 × (2k + 1) + (7q − 1) = 0

(10)

regarding 2 k + 1 in eq. (10) as a variable to solve the equation,
the requirement of existing the significant solution is

(−3)2 − 4 × 2 × (7q − 1) ≥ 0

− 1)

−3 × (2 N − 1)2 − 3 × (2 N − 1) = 7u

u≤

then when n=k+1, considering

(3)

in accord with the prior conclusion, (23N − 1) in eq. (3) is
divisible by 7, using the disprove method for the other part
with the assumption of that it is also divisible by 7, namely,

32 − 4 × 3 × 7 u ≥ 0

Solution (b):
According to the mathematical induction, when n=1,
n
2 + 1 = 3 , not divisible by 7,
Supposing when n=k, 2 k + 1 is also not divisible by 7,

(2)

In eq. (2)，in terms of the supposition, either of 7 × 23m and

(2

In conclusion, n=3k (k=1, 2,……) are all the positiv
e integers to make 2 n − 1 divisible by 7.

(11)

it results in

q≤

17
<1
56

(12)

Eq. (12) evidently contradicts the assumption of that q is a
positive integer, so the other part is not divisible by 7.
Therefore, (b) is true.

3. Conclusion
In consideration of the first problem of the 6th IMO,
without using the number theory which overpass the level of
the mathematics of high school as ref.[15], this paper solved
(a), (b) merely used the mathematical induction and the theory
of algebraic equation. With respect to (a), using “the
exhaustive method” to eq. (1), but it only verified finite
positive integers, in order to get all the positive integers to
make 2 n − 1 divisible by 7, it requires to prove if n is a big
number, especially a big prime which can not be verified by
“the exhaustive method” but not the integral multiple of 3,
2 n − 1 is not divisible by 7. The process of present solution is
easy to understand for more readers. Moreover, the paper
changes a problem of the number theory into using the simple
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mathematical induction and the theory of algebraic equation to
deal with, this is very important for researching the
mathematical theory and the technique of solving
mathematical problems
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